Abstract. We make some remarks on the foundations of the homotopy theory of enriched precategories, as exposed in Carlos Simpson's book "Homotopy theory of higher categories".
The main goal of this note is to present an alternative point of view on some results from Carlos Simpson's book "Homotopy theory of higher categories" [11] . For a part of these results, the alternative approach is already hinted at by Simpson. Save section 3 below, we target essentially the content of chapters 9-11, sections 12.1-12.3, 12.6 and some facts scattered through chapters 13 and 14. There is one major exception: we do not treat here the so-called injective model structure on the category of enriched precategories with fixed set of objects.
In section 1 we introduce one of the two categories of interest to us and we highlight some of its properties. In section 2 we first address the Reedy model structure on enriched precategories with fixed set of objects and study the behaviour of this model structure under change of diagram and base category. Next we address the projective model structure on enriched precategories with fixed set of objects and compare it with the Reedy model structure. Section 3 reviews Lurie's proof [7] of the Quillen equivalence between the projective model structure on enriched precategories and that of enriched categories, in the (critical) fixed set of objects case. We observe that his result holds under weaker assumptions on the base category. In section 4 we recall the construction of the category of enriched precategories-the other category of interest to us, and we remark that it is a bifibration over the category of sets. Section 5 introduces the fibred Reedy model structure on the category of enriched precategories and singles out a certain weak factorization system on it. In section 6 we introduce the fibred projective model structure on the category of enriched precategories. In the appendix we recall a couple of results concerning left Bousfield localization.
Notation. The terminal object of a category, when it exists, is denoted by * .
Independent from the results of this note, we make below a list of some facts from [11] we wish to understand better in the future. Let C be a small Reedy category and let F n C be the n-filtration of C [6, 15.1.22]; then F 0 C is a discrete category [6, 15.1.23 ]. We denote the inclusion F 0 C ⊂ C by σ 0 . Let M be a category. The restriction functor σ *
has a left adjoint σ 0! provided that M has coproducts. 
is an accessible category if M is. (c) Suppose that M is a closed category with monoidal product ⊗. Write Y X for the internal hom of two objects X, Y of M. Then M C op is tensored, cotensored and enriched over M, with tensor, cotensor and M-hom defined as
is tensored, cotensored and enriched over M, with tensor, cotensor and M-hom defined by the formulae A⋆X = r(A⋆KX), X A = (KX) A and M ap(X, Y) = M ap(KX, KY). The adjunction (r, K) becomes an M-adjunction.
(d) For every small category I there is an isomorphism of categories
and these categories are isomorphic in turn to the full subcategory of M C op ×I on objects X having the property that 
commutative in the obvious sense. Since K is full and faithful, one has
be a functor which preserves the terminal object. Then F induces a functor F :
has a left adjoint F ′ constructed in such a way that it makes the diagram
commutative in the obvious sense. Since K 1 is full and faithful, one has F ′ = r 2 F K 1 . If F * ∼ = * , then F ′ * ∼ = * .
2.
The Reedy and projective model structures for Segal M-categories with fixed set of objects 2.1. The Reedy model structure. Recall from definition 1.1 the functor K. Let us fix a small Reedy category C and a degree preserving morphism p : C → ∆ which is a fibration. We denote the fibre category of p over [n] ∈ ∆ by C n , and the natural functor C n → C by σ n . One has 
A
Let W be the set considered in [5, Proposition A.5] . We denote by S the set
where the map is induced by commutative diagrams as above. 
is a weak equivalence of M.
Proof. The model structure exists by Smith's theorem [5] applied to the model category M Let N : Cat → S be the nerve functor. If C is a small category, we put ∆C = (y ↓ N (C)) and
Let ι : Set → Cat be the indiscrete/chaotic category functor, right adjoint to the set of objects functor. If S is a set, one has
S. We put ∆S = ∆ιS. If ([n], s 0 , ..., s n ) is an object of ∆S with n ≥ 2, the cartesian
Bergner has made an early use of the category ∆S, in the same context as ours. The existence of the model structure M
is a weak equivalence of M. 
and the set of maps
We shall study now the behaviour of the model category M 
Proof. It suffices to prove that ∂(
in which α, β, δ, γ are monomorphisms can be completed to a commutative diagram
in which θ, ε, η, u are monomorphisms and λ = uη. 
is a Quillen pair. In particular, if f : S → T is a function, the adjoint pair 
Proof. The proof is the same as for theorem 2.3, using proposition 2.11 instead of proposition 2.1. Proof. Apply lemma 7.2 and the previous considerations.
Segal M-categories and M-categories (with fixed set of objects)
Let M be a cocomplete cartesian closed category. Let S be a set. We denote by M-Cat(S) the category of small M-categories with fixed set of objects S. Recall [11] , [7] that there is a functor N : 
is an isomorphism. N has a left adjoint L constructed explicitly in [7, 2.2] : to every pair x, y of elements of S a certain category J x,y (S) is associated, and LX(x, y) is the colimit of a certain functor H X x,y : J x,y (S) → M associated to X.
For the next result, we regard M-Cat(S) as having the standard [10] model structure. [9] . Let S be a set. Then the adjoint pair
Theorem 3.1. (J. Lurie) Let M be a left proper, combinatorial cartesian model category with cofibrant unit, having a set of generating cofibrations with cofibrant domains and satisfying the monoid axiom of
The above theorem was proved by J. Bergner [2] in the case M=S, using algebraic theories. It was also proved in [ 
is a weak equivalence. Then for all pairs x, y of elements of S, the canonical map X(([1], x, y)) → N LX( ([1], x, y) ) is a weak equivalence of M.
Proof. We use the notations of the proof of loc. cit.. Thus, we have a commutative diagram
The right vertical map is a weak equivalence by sublemma 3.3 since H Then the map hocolim I XG → hocolim J X is a weak equivalence.
We begin now the proof of theorem 3.1. It is clear that (L, N ) is a Quillen pair and that N preserves and reflects weak equivalences between fibrant objects. We prove that the total left derived functor of L is full and faithful. This amounts to showing that for every X ∈ M ∆ op S * which is cofibrant-fibrant in M ∆ op S * ,p,S , and for some fibrant approximation LX →F LX to LX, the map X → N LX → NF LX is a weak equivalence in M ∆ op S * ,p,S . We factor the map LX → * as a trivial cofibration LX →F LX followed by a fibrationF LX → * . We shall prove that X → N LX → NF LX is a weak equivalence in M ∆ op S * ,p . Since LX is cofibrant, the map N LX → NF LX is a weak equivalence in M ∆ op S * ,p . Since X is fibrant, to prove that X → N LX is a weak equivalence it suffices to prove that for every pair x, y of elements of S, the map X(( 
One has ev 0 N = N ev 0 , so Lcst ′ ∼ = cstL. We will prove that the object Z = cst ′ X satisfies the assumptions of proposition 3.2. For this, it suffices to prove that for every object ([n], s 0 , ..., s n ) of ∆S, the canonical map 2(d) ) Z corresponds to cstX, and then the fact that X is fibrant implies that the required map is a weak equivalence. Thus, by proposition 3.2 the map Z (([1], x, y) ) → LZ(x, y) is a weak equivalence. But LZ(x, y) ∼ = cstLX(x, y) and Z( ([1], x, y) ) ∼ = cstX( ([1], x, y) ). The proof of theorem 3.1 is complete.
The category of pre-M-categories
Recall from example 2.4 the category ∆S. Let M be a category. A function u : S → T induces a functor
, which has a left adjoint u ! provided that M is cocomplete, and a right adjoint u * provided that M is complete. . Recall that S denotes the category of simplicial sets. Recall also that for every small category C and every X ∈ Set C op there is an equivalence of categories (Set
In particular, for every set U there is an equivalence of categories
Under the above equivalence S U corresponds to Set 
is tensored over M, with tensor A⋆(S, X) = r(A⋆K(S, X)).
When u is a monomorphism, u ! has a convenient description [11, 10.3] :
4.2.
Relation with enriched categories. Let M be a cocomplete cartesian closed category. We denote by M-Cat the category of small categories enriched over M. We recall [11] , [7] that there is a functor N : M-Cat → M 
is an isomorphism. 
Proof. The functor Ob : M 
A map which is both a fibred weak equivalence and fibred cofibration is called isotrivial cofibration in [11, 14.3] . Proof. Part of the hypothesis implies that every weak equivalence of L C M (1) is a weak equivalence of L C M (2) . Conversely, let f : X → Y be a weak equivalence of L C M (2) . Letf :X →Ȳ be a fibrant approximation to f in L C M (1) andf :X →Ỹ a fibrant approximation tof in M (2) . It follows thatX andỸ are C-local with respect to M (2) , thereforef is a weak equivalence of M (i) , i ∈ {1, 2}. But then f is a weak equivalence of L C M (1) .
